Abstract-The pole pieces of permanent magnet require precise design since the highly uniform magnetic field are needed for nuclear magnetic resonance imaging. A new method has been introduced in this paper to optimize the shape of passive pole pieces. Based on Filter Equation [1, 3] a field alteration function is proposed in this method to indicate the magnetic field change according to the pole pieces variation. And this function is optimized with BFGS method to determine the shape of pole pieces which produce the most uniform magnetic field. Simulation indicates that this method is much better than the optimization methods in previous published papers with respect to the speed and field uniformity.
1. METHODS
Insufficiencies in Filter Equation
According to the reference paper [1] , if the pole pieces are composed of materials of infinite permeability and the magnet constitution are approximately axisymmetric, the magnetostatic potential within the reference cylinder with radius r i , which includes the imaging area, can be expanded as φ(r, z) = φ 2 + z 0 + z 2z 0 φ 0 + n=1,2,3··· a n I 0 nπ r 2z 0 sin nπ z 0 + z 2z 0
where 2z 0 is the distance between two pole pieces, I 0 is the first kind of modified Bessel function, Φ 0 is potential difference between two pole pieces, and Φ 2 is the potential of lower pole as showed in Fig. 1 . The author also points out some low-order harmonics in Eq. (1) can be eliminated by changing potential on the flat pole pieces. The Filer Eq. (2) is introduced to establish the relation between the potential shift δΦ and harmonics of the field.
K 0 is the third kind of modified Bessel function, and δΦ + and δΦ − are potential shift on two pieces respectively.
However, from Eq. (1), the magnetic induction intensity along z axis is Eq. (4) indicates the harmonics is not only the distortion of the field they also contribute to the central field, namely the uniform field. So what we need to do is using some low-order harmonics to counteract the influence from high order harmonics in the imaging area instead of totally eliminating some low-order harmonics.
Passive pole pieces design which consists of several convex or concave annuluses on the pole is widely used in products to improve the field uniformity [4, 5] . Since the convex or concave degree is nonlinear with the field, some intelligent optimization methods are used with 2D FEM to optimize the shape of the pole pieces. As for these methods, the optimization process is time-consuming because FEM must be used to calculate the field when the shape of pole pieces changes in every step.
Field Alteration Function
In order to solve the problems mentioned above, a method is brought forward which is mainly composed of three steps. First, the filter equation is used to establish a connection between the change of shape of pole pieces and the change of the harmonics. So a Field Alteration Function is established whose variable is no longer the shape of the pole but the magnitude of low-order harmonics. Second, the Field Alteration Function is optimized in order to generate the most uniform field in the imaging area. Third, shape of pole pieces is calculated to get the objective low-order harmonics.
The influence of a convex or concave annulus to the field is equivalent with a specific potential change δΦ on a flat pole piece. As for a double shimmed pole pieces in Fig. 2 , five points which are connected with straight lines determine the shape of the pole pieces. Only the apexes of each annulus can move in z direction, which means only z 1 , z 2 and z 4 can change and z 1 = z 2 . For each annulus, when the apex changes we suppose the change of δΦ approximately depends only on the z value of the apex. So when z 1 changes from z 1,0 to z 1,0 + ∆z 1 (z1 = z2), the equivalent potential change shifts from δΦ 1 (r) to σΦ 1 (r), which have relation:
Similarly, when z 4 changes from z 4,0 to z 4,0 + ∆z 4 , the equivalent potential change shifts from δΦ 2 (r) to σΦ 2 (r), which have relation:
where, A and B are two functions we don't know. Then the magnetic field alteration after the change of z 1 and z 4 is:
The coefficient D n,m are given by
. . indicate the harmonics' alteration. The change of harmonics ∆a n can be got through calculating magnetic field with 2D FEM. So we will get the value of    
when z 1 increase from z 1,0 to z 1,0 + ∆z 1 without changing z 4,0 .
In the same way, we can also get 
If there is arbitrary change of z 1 and z 4 , such as z 1,0 + ∆z 1 and z 4,0 + ∆z 4 , the harmonics change will be    
Although we don't know A(∆z 1 ) and B(∆z 4 ) when apexes change arbitrarily, we can utilize the alteration of a 1 and a 2 to indicate the change of harmonics, which means the field alteration can be expressed according to a 1 and a 2
where a n,0 correspond to the harmonics when z 1 = z 1,0 z 4 = z 4,0 . Eq. (14) is the Field Alteration Function we needed.
(270,300) (500,z 1 ) (440,z 1 ) (400,z 4 ) (420,300) Figure 3 : Shape of specific passive pole pieces with some given points.
Optimize Field Alteration Function
To produce the most uniform field for magnetic resonance imaging, the objective function should be defined as
where Ω is the imaging area. Usually Ω is a sphere or an ellipsoid. As an example showed in Fig. 3 , the diameter of pole pieces is 1000 mm, the distance between the centers of two poles is 600 mm and Ω is a sphere with radius 180 mm. From Fig. 4 , the contour map of f (a 1 , a 2 ), we can find f (a 1 , a 2 ) is a totally a convex function. So BFGS method is used to optimize f (a 1 , a 2 ). Fig. 4 also demonstrates that it is not the optimum result when a 1 = a 2 = 0. Since it is obvious that the optimum result should be near the a 1 = a 2 = 0 point, we can choose a 1 = a 2 = 0 point to be the initial point in optimization process. The last step is we need to know the value of z 1 and z 4 which will produce the optimum value a 1,op and a 2,op . Because A(∆z 1 ) and B(∆z 4 ) are monotonic functions, which means the equivalent potential δΦ(r) will change in the same or opposite direction with the shift of apex, Newton's Method can be used to solve this nonlinear problem and can be expressed as
In this iterative scheme, ∆z 1 and ∆z 4 are very small given value to calculate E m,n when z 1,0 = z i 1 z 4,0 = z i 4 . And the value of a 1 and a 2 need to calculate each time. When this procedure converges, it produces good z 1 and z 4 to produce a 1,op and a 2,op we need. Figure 5 shows the algorithm for the example in Fig. 3 , in which ∆z 1 = ∆z 4 = 0.01 mm and δ is a constant to determine whether to change the initial value and carry out the algorithm again or not. In this example δ may be 20 mm or more than 20 mm. Considering the lowest eight orders of harmonics are well describe the field, only the lowest eight orders of harmonics are utilized to establish the Field Alteration Function. From analysis in this process, E m,n just change a little at different z 1 and z 4 , so E m,n needn't to be calculated at each time when using Newton's Method. Fig. 6 shows the result of this example with 212 ppm(peak to peak) uniformity in a sphere with radius 360 mm. This method can also be used to determine other kinds of pole shape. Fig. 7 shows a result of double shimmed pole pieces with trapezoidal concave annulus.
RESULTS AND DISCUSSION

CONCLUSIONS
This new method can be applied to all kinds of passive pole pieces designs proposed in previous papers. Compared to the intelligent optimization methods, it is much faster to use this method, since FEM is avoided during optimization. Otherwise, the shape of pole pieces put forward by this method can produce the most uniform field in imaging area, which is more uniform than the result produced by some search methods [6] .
